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Abstract
Let A be a finitely generated K-algebra that is a domain of GK dimension less
than 3, and let Q(A) denote the quotient division algebra of A. We show that if
D is a division subalgebra of Q(A) of GK dimension at least 2 then Q(A) is finite
dimensional as a left D-vector space. We use this to show that if A is a finitely
generated domain of GK dimension less than 3 over an algebraically closed field K
then any division subalgebra D of Q(A) is either a finitely generated field extension
of K of transcendence degree at most one, or Q(A) is finite dimensional as a left
D-vector space.
1 Introduction
Given a finitely generated algebra A over a field K, the Gelfand-Kirillov dimension (GK
dimension, for short) of A is defined to be:
GKdim(A) = lim sup
n→∞
log dim(V n)
log n
,
where V is a finite dimensional K-vector subspace of A which contains 1 and generates
A as a K-algebra. We note that this definition is independent of the choice of vector
space V with the above properties. Gelfand-Kirillov dimension should be viewed as a
noncommutative analogue of Krull dimension; indeed, GKdim(A) = Kdim(A) when A is
a finitely generated commutative K-algebra. As a result, GK dimension has been used to
obtain noncommutative analogues of results from classical algebraic geometry [2, 13]. We
refer the reader to Krause and Lenagan [5] for the basic facts about GK dimension.
Just as commutative domains have a field of fractions, finitely generated noncommuta-
tive domains of finite GK dimension are Goldie rings [5, p. 46], and hence have a quotient
division algebra. Given a finitely generated domain A of finite GK dimension, we let Q(A)
denote the quotient division algebra of Q(A). One of the goals in noncommutative algebra
*The author thanks NSERC for its generous support.
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is to understand domains of GK dimension 2; Artin and Stafford [2] gave a concrete descrip-
tion of graded domains of GK dimension 2, but the ungraded case is not well-understood.
Just as one has a birational classification of projective surfaces in classical algebraic ge-
ometry, one would like to obtain a “birational” description of algebras of GK dimension
2; that is, to have a concrete description of the quotient division algebras of the finitely
generated domains of GK dimension 2 over an algebraically closed field. Artin [1] has a
proposed classification, however, not much progress has been made towards obtaining this
classification.
Working towards a birational classification of domains of GK dimension 2, one seeks
invariants which can be used. Several authors have proposed a noncommutative analogue of
transcendence degree that could be useful in attaining this goal [4, 15, 14]. In general, one
expects quotient division algebras of domains of GK dimension d to share some properties
with fields of transcendence degree d. In particular, Zhang [15, Conjecture 8.4] has made
the following conjecture.
Conjecture 1.1. Let K be a field and let A be a finitely generated K-algebra that is a
domain of GK dimension d. Suppose
K = D0 ⊆ D1 ⊆ · · · ⊆ Dm ⊆ Q(A)
is a chain of division subalgebras of Q(A) such that:
1. Di is infinite dimensional as a left Di−1-vector space for i = 1, 2, . . . , m;
2. Di is finitely generated as a division algebra.
Then m ≤ d.
We note that this conjecture is highly non-trivial. Indeed, if one replaces the Di with
subalgebras and then insists that Di+1 is a free left Di-module of infinite rank, then the
conjecture is not true in general. For example, the Weyl algebra, K{x, y}/(xy− yx− 1) is
a domain of GK dimension 2, and Makar-Limanov [6] has shown that its quotient division
algebra contains a free algebra on infinitely many variables if K has characteristic 0. The
fact that GK dimension is poorly behaved under localization creates the need for new
invariants to study quotient division algebras.
Our main result is to prove Conjecture 1.1 for algebras of GK dimension strictly less
than three.
Theorem 1.2. Let K be a field and let A be a finitely generated K-algebra of GK dimension
strictly less than 3 that is a domain and let Q(A) denote the quotient division algebra of
A. Suppose
K = D0 ⊆ D1 ⊆ D2 ⊆ · · · ⊆ Dm ⊆ Q(A)
is a chain of division subalgebras of Q(A) such that:
1. Di is infinite dimensional as a left Di−1-vector space for i = 1, 2, . . . , m;
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2. Di is finitely generated as a division algebra for i = 1, 2, . . .m.
Then m ≤ 2.
In fact one can make the following, even stronger, statement.
Theorem 1.3. Let K be a field and let A be a finitely generated K-algebra of GK dimension
strictly less than 3 that is a domain and let Q(A) denote the quotient division algebra of
A. If D is a division subalgebra of Q(A) and D has GK dimension at least 2, then Q(A)
is finite dimensional as a left D-vector space.
We note that this theorem is closely related to Smoktunowicz’s gap theorem, which
states that a connected finitely graded domain cannot have GK dimension strictly between
2 and 3. We note that if A is a connected finitely graded domain of GK dimension less
than 3, then A has a graded quotient D0[x, x
−1; σ] and by Theorem 1.3, D0 must have GK
dimension at most 1. Thus A has GK dimension exactly 2 by a result of Artin and Stafford
[2, Theorem 0.5, p. 242].
An interesting consequence of Theorem 1.2 is the following.
Theorem 1.4. Let K be an algebraically closed field and let A be a finitely generated K-
algebra that is a domain of GK dimension < 3. If D is a division subalgebra of Q(A) then
either D is commutative or Q(A) is finite dimensional as a left D-vector space; moreover,
if D is commutative and has transcendence degree at least 2 over K then Q(A) is finite
dimensional over its centre.
We use some of the ideas of Smoktunowicz [9] in studying division subalgebras of
quotient division algebras of domains of GK dimension less than 3. Smoktunowicz’s key
idea in studying chains of division algebras
Z(D) = F ⊆ E ⊆ D,
lies in the observation that if S is a subset of E that is linearly independent over F and T
is a subset of D that is right-linearly independent over E then the set {ts | s ∈ S, t ∈ T}
is linearly independent over F . Using this observation, in addition to some estimates, we
are able to prove Theorems 1.2, 1.3, and 1.4.
Theorems 1.2 and 1.4 are proved in Section 2. In Section 3, we give some concluding
remarks and make some conjectures.
2 Quotient division algebras of GK 2 domains
In this section we prove theorem 1.2. To do this, we need a few estimates. We begin with
an argument that is based on an argument of Smoktunowicz [9].
Lemma 2.1. Let K be a field and let D be a division ring that is a k-algebra. Suppose
that V is a finite dimensional vector subspace of D such that 1 ∈ V and dim(V n) >
d dim(V n+1/V n). If s ∈ V and x1, . . . , xd ∈ s
−1V , then there is nonzero u ∈ V n such that
ux1 · · ·xi ∈ V
n for 1 ≤ i ≤ d.
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Proof. Write xi = s
−1ai with ai ∈ V for 1 ≤ i ≤ d. Let W0,n = V
n and for 1 ≤ i ≤ d, let
Wi,n = {r ∈ Wi−1,n | rx1 · · ·xi ∈ V
n}, and let
Ui,n = Wi,nx1 · · ·xi.
Observe that
dimWi,n = dimWi−1,n ∩ V
n(x1 · · ·xi)
−1 = dimUi−1,n ∩ V
nx−1i = dimUi−1,n ∩ V
nsa−1i .
Thus
dim(Wi,n) ≥ dimUi−1,nai ∩ V
ns
= dim(Ui−1,nai) + dim(V
ns)− dim(Ui−1,nai ∪ V
ns)
= dim(Wi−1,n) + dim(V
n)− dim(V n+1)
= dim(Wi−1,n)− dim(V
n+1/V n).
Hence
dim(Wi,n)− dim(Wi−1,n) ≥ −dim(V
n+1/V n).
It follows that
dim(Wd,n) = dim(W0,n)−
d−1∑
i=0
dim(Wi,n)− dim(Wi+1,n)
≥ dim(V n)−
d−1∑
i=0
dim(V n/V n−1)
= dim(V n)− d dim(V n+1/V n).
The result follows.
Remark 1. Suppose A is a finitely generated Goldie domain over a field K and E is a
division subalgebra of Q(A). If Q(A) is infinite dimensional over E as a right E-vector
space then AE is infinite dimensional as a right E-vector space.
Proof. Suppose that dimE(AE) = m. By assumption there exist α1, . . . , αm+1 ∈ Q(A)
that are right-linearly independent over E. There exists some b ∈ A such that ai := bαi ∈ A
for 1 ≤ i ≤ m + 1. Then by construction, a1E + · · ·+ am+1E is direct, contradicting the
fact that dimE(AE) is finite dimensional.
The following lemma is used to construct a large linearly independent set inside a division
algebra. This will eventually be combined with Lemma 2.1 to get lower bounds on the GK
dimension of a domain.
Lemma 2.2. Suppose that D is a finitely generated division algebra with centre K and E
is a division subalgebra generated (as a division algebra) by a finite dimensional K-vector
space S. If E has GK dimension at least 2 and K has infinite transcendence degree over its
prime subfield, then there exist elements ai, bi ∈ S for i ≥ 1 such that the set of elements
{a1 · · · aibj · · · b1 | i, j ≥ 1} are linearly independent over K.
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Proof. Cf. Smoktunowicz [12, Lemma 2].
Lemma 2.3. Let A be a finitely generated K-algebra of finite GK dimension and let V
be a finite dimensional generating subspace for A that contains 1. Then there is a positive
constant C such that
dim(V n) > Cn dim(V n+1/V n)
for infinitely many n.
Proof. Since A has finite GK dimension, there is some d > 1 and some constant C0 > 0
such that
dim(V n) < C0n
d for all n > 0.
Suppose that the result does not hold. Then there exists some N such that
dim(V n) <
1
4d
n dim(V n+1/V n)
for all n ≥ N . Thus for n ≥ N we have
dim(V 2n) = dim(V N) +
2n−1∑
i=N
dim(V i+1/V i)
≥ dim(V N) + 4d
2n−1∑
i=N
1
i
dim(V i)
≥ 4d
2n−1∑
i=n
1
i
dim(V i+1)
≥ 4ddim(V n)(1/n+ · · ·+ 1/(2n− 1))
≥ 22d−1dim(V n).
Thus by induction we see
C0(2
ℓN)d ≥ dim(V 2
ℓN) ≥ dim(V N )2(2d−1)ℓ
for all ℓ > 0. Taking the ℓ’th root and taking the limsup as ℓ tends to infinity, we see
2d ≥ 22d−1,
a contradiction since we picked d > 1.
We are now ready to prove our main results.
Proof of Theorem 1.3. We first note that A ⊗K K(t1, t2, . . .) is a domain since it is a
localization of A[t1, t2, . . .]. Thus it is no loss of generality to assume that K has infinite
transcendence degree over its prime subfield. Let S be a finite dimensional K-vector space
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that generates D as a division algebra. Since D has GK dimension at least 2, by Lemma
2.2 there exist ai, bi ∈ S such that
{a1 · · · aibj · · · b1 | i, j ≥ 1}
is a linearly independent subset of D over K.
Let V be a finite dimensional K-vector subspace of A such that:
1. there are b, b′ ∈ V such that bS, Sb′ ⊆ V ;
2. 1 ∈ V ;
3. V generates A as a K-algebra.
Suppose A has GK dimension less than 3. By Lemma 2.3, there exists a constant C > 0
such that
dim(V n) > Cn dim(V n+1/V n)
for infinitely many n. Let
T =
{
n : dim(V n) > Cn dim(V n+1/V n)
}
. (1)
Let n ∈ T . By Lemma 2.1, there exists some r ∈ V n such that ra1 · · ·ai ∈ V
n for
1 ≤ i < Cn. Similarly, there exists some s ∈ V n such that b1 · · · bjs ∈ V
n for 1 ≤ j < Cn.
By assumption,
{a1 · · · aibj · · · b1 | 1 ≤ i, j ≤ n}
is a subset of D that is linearly independent over K. Since Q(A) is left infinite dimensional
over D, we see that there exist u1, . . . , un ∈ V
n such that (s−1Ds)u1 + · · ·+ (s
−1Ds)un is
direct by Remark 1. Thus
{
s−1a1 · · ·ajb1 · · · bksui | 1 ≤ i ≤ n, 1 ≤ j, k < Cn
}
is a K-linearly independent subset of Q(A). Hence
{ra1 · · · ajb1 · · · bksui | 1 ≤ i ≤ n, 1 ≤ j, k < Cn}
is K-linearly independent. Since ui ∈ V
n, ra1 · · · aj ∈ V
n, and b1 · · · bks ∈ V
n for 1 ≤
i, j, k ≤ n, we see that
{ra1 · · · ajb1 · · · bksui | 1 ≤ i ≤ n, 1 ≤ j, k < Cn} ⊆ V
3n.
It follows that
dim(V 3n) ≥ (Cn− 1)2n for n ∈ T
and thus
lim sup log(dim(V n))/ log n ≥ 3.
The result now follows.
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Proof of Theorem 1.2. Suppose we have a chain of division subalgebras
D0 ⊆ D1 ⊆ D2 ⊆ D2 ⊆ Q(A)
satisfying the hypotheses in the statement of the theorem. We show that A must have GK
dimension at least 3. Since D1 is left infinite dimensional and finitely generated over K
as a division algebra, it must have GK dimension at least 1. Similarly, since D2 is finitely
generated as a division algebra and is left infinite dimensional over D1 it must have GK
dimension at least 2. To see this, let Si be a finite set containing 1 generating Di as a
division algebra. Since D2 is left infinite dimensional over D1, there exist a1, . . . , an in
Sn2 that are left linearly independent over D1 by Remark 1. Similarly, since D1 has GK
dimension at least 1, there exist b1, . . . , bn ∈ S
n
1 that are right linearly independent over
K. Consequently, the set
{bjai | 1 ≤ i, j ≤ n} ⊆ (S1 ∪ S2)
n
is linearly independent over K. It follows that the GK dimension of D2 is at least 2. Since
Q(A) is infinite dimensional over D2 as a left D2-vector space, we see that A has GK
dimension at least 3 by Theorem 1.3.
We prove Theorem 1.4.
Proof of Theorem 1.4. Let K be a subfield of Q(A). If K has transcendence degree at
least 2, then Q(A) must be finite dimensional as a left K-vector space by Theorem 1.3.
But this gives that A is PI, and hence Q(A) is finite dimensional over its centre. Let D be
a division subalgera of A. If Q(A) is not finite dimensional as a left D-vector space, then D
must be of GK dimension 1 by Theorem 1.3 and hence it is locally PI by the Small-Warfield
theorem [8]. We claim that D is commutative. Suppose that D is noncommutative and
pick x and y in D that do not commute with each other. Let D0 denote the division algebra
generated by x and y. Since D0 has GK dimension 1, D0 is finite dimensional over K(x) [5,
Theorem 4.12] and hence it is PI. This means that D0 is finite dimensional over its centre,
and since D0 has GK dimension 1, its centre is a finitely generated field extension of K of
transcendence degree 1. Hence D0 is is commutative by Tsen’s theorem.
3 Concluding remarks
The techniques used in this paper are not able to obtain a proof of Conjecture 1.1 because
two-sided estimates are used. It is probably necessary to develop new, stronger invariants
that require only one-sided estimates. Complicating matters is the fact that there exist a
division algebra D with a division subalgebra E such that D is finite dimensional as a left
E-vector space and is infinite dimensional as a right E-vector space; these examples do not
have finite stratiform length, however[7]. Working towards Conjecture 1.1, we make the
following, theoretically easier, conjecture.
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Conjecture 3.1. Let K be a field and let A be a finitely generated K-algebra that is a
domain of finite GK dimension. Suppose that D is a division subalgebra of Q(A) such that
D ∼= Q(A). Then Q(A) is finite dimensional as a left D-vector space.
We note that if K is a field of characteristic zero and A is the K-algebra formed by
taking the enveloping algebra of the positive part of the Witt Lie algebra, then A is a finitely
generated Goldie domain of infinite GK dimension and Q(A) has a division subalgebra D
such that D ∼= Q(A) and Q(A) is infinite dimensional as a left D-vector space.
Theorem 1.4 is related to a result of Smoktunowicz [10] and to a result of Small and
the author [3]. Smoktunowicz [10] shows that the centralizer of a non-algebraic element
of a domain of quadratic growth over a finite field is a PI domain. One can eliminate
the hypothesis that K be algebraically closed in the statement of Theorem 1.4, but the
conclusion of the statement will then be that a division subalgebra D of Q(A) is either
locally PI (that is, a union of finitely generated division algebras, each finite dimension
over their centres) or Q(A) is finite dimensional as a left D-vector space. In the case
of an algebraically closed field, Tsen’s theorem allows us to replace PI with the stronger
condition of being commutative. The author and Small [3] consider centralizers in non-PI
domains of GK dimension 2 and show that over an algebraically closed field the centralizer
of a non-scalar element is commutative. Smoktunowicz [11] proves an analogue of this
result for quotient division algebras, without the hypothesis that the field be algebraically
closed.
We make the remark that the results we give can all be expressed more generally using
prime Goldie rings instead of domains.
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